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(KENSUKE TANAKA)4 . $\cdot$:. $j$
1 Introduction
2 $(GP)$
$(N, X, Y, f, g, G)$ (1.1)
. ,
1. $N:=\{1,2\}$ Player .
2. $E$ Banach , Player I,II $X,$ $Y\subset E$ ,
$x\in X,$ $y\in \mathrm{Y}$ .
3. $f$ : $X\mathrm{x}\mathrm{Y}arrow R,$ $g:X\cross Yarrow R_{+}$ . , $R_{+}=(\mathrm{O}, \infty)$ .
4. $G=f/g:x\cross Yarrow R$ , , $(x, y)\in X\cross Y$ , $G(x, y)= \frac{f(x,y)}{g(x,y)}$
, Player I (loss function) . , 2
, Player II $-G$ .
,
$\overline{\theta}:=\inf_{x\in}$$’ \sup_{y\in 1’}G(x, y)$ , $\underline{\theta}:=\sup_{y\in 1^{I}}\inf_{\in xx}G(x, y)$ (1.2)
.
$\ovalbox{\tt\small REJECT}$ Player I minimal worst loss , $\underline{\theta}$ ( Player II maximal worst
gain .
, $\overline{\theta}\geq\underline{\theta}$ , $\overline{\theta}\neq\underline{\theta}$ , dualty gaP .
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Definition 1.1 $(GP)$ game value (in short, avalue)
$\overline{\theta}=\underline{\theta}=:\theta^{*}$ (1.3)
. , $\theta^{*}$ – $(GP)$ value .
Definition 12 $y^{*}\in \mathrm{Y}$ – $(GP)$ $\max$-inf ,
$\overline{\theta}=\inf_{x\in}$ $\sup_{y\in Y}G(x, y)=\inf c(x\in \mathrm{x}x, y^{*})$
(1.4)
$\mathrm{U}^{\mathrm{a}}$ , , $x^{*}\in X$ $(GP)$ mini-sup ,
$\underline{\theta}=\sup_{y\in Y^{x}}\inf_{\in x}G(X, y)=\sup_{y\in Y}c(_{X^{*}}, y)$
(1.5)
.
Proposition 1.1 $(GP)$ (1) (2) – ,
(1) $x^{*}\in X$ $(GP)$ mini-sup;
(2) $y^{*}\in Y$ $(GP)$ max-inf,
, $\overline{\theta}=\underline{\theta}$ .
Proposition 1.1 [1] .
Definition 13 $(x^{*}, y^{*})\in X\cross Y$ $(GP)$ saddle point 2
.
$\sup_{y\in Y}G(x^{*}, y)=G(_{X^{*}}, y^{*})=\inf_{x\in x}c(x, y^{*})$ . (1.6)
, .
Proposition 12 $(x^{*}, y^{*})\in X\cross Y$ $(GP)$ saddle point
, $x^{*}\in X$ $(GP)$ mini-sup , $y^{*}\in Y$ $(GP)$ $\max$-inf
.
[1] .
, $(GP)$ game value saddle point
, . ,
$\theta\in R$ $(GP)$ , $(GP)$ $(GP_{\theta})$ ,
.
, $(GP)$ $(GP_{\theta})$ .
2
2 ATwo-Person Parametric Game
2 $(GP_{\theta})$ :
$(N, X, \mathrm{Y}, f, g, \theta, F\theta)$ (2.1)
,
1. $N:=\{1,2\}$ Player .
2. $E$ Banach , Player I,II $X,$ $\mathrm{Y}\subset E$ ,
$x\in X,$ $y\in \mathrm{Y}$ .
3. $f$ : $X\mathrm{x}\mathrm{Y}arrow R,$ $g$ : $X\cross Yarrow R_{+}$ .
4. $\theta\in R$.
5. $F_{\theta}=f-\theta g:x\cross Yarrow R$ , Player I . ,
$(x, y)\in X\mathrm{x}Y$ $(x, y)=f(X, y)-\theta g(x, y)$ . , 2
, Player II F\theta .
,
$\overline{F}_{\theta}:=\inf_{x\in X}\sup_{Yy\in}F\theta(x, y)$ , $\underline{F}_{\theta}:=\sup_{y\in Y^{x}}\inf_{\in X}F\theta(X, y)$ (2.2)
.
$(GP)$ , .
Definition 2.1 $(GP_{\theta})$ game value (in short, avalue)
$\overline{F}_{\theta}=\underline{F}_{\theta\theta}=:F^{*}$ (23)
. $F_{\theta}^{*}$ $(GP_{\theta})_{-}$ value .




, , $x^{*}\in X$ $(GP_{\theta})$ mini-sup ,
$\underline{F}_{\theta}=\sup \mathrm{i}\mathrm{n}\mathrm{f}y\in Y^{x}\in$ $F_{\theta}(x, y)= \sup_{y\in Y}F\theta(x^{*}, y)$ (2.5)
.
Definition 23 $(x^{*}, y^{*})\in X\cross Y$ $(GP_{\theta})$ saddle point ,
.
$\sup_{y\in \mathrm{Y}^{r}}F\theta(x^{*}, y)=G(_{X^{*}}, y^{*})=\inf_{x\in X}F_{\theta}(x, y)*$
. (2.6)
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Proposition 2.1 $(x^{*}, y^{*})\in X\cross Y$ $(GP_{\theta})$ ,saddle)$\mathrm{P}^{\mathrm{O}\dot{\mathrm{L}}\mathrm{n}\dot{\mathrm{t}}’}\backslash$
’
, $x^{*}\in X$ $(GP_{\theta})$ mini-sup $y^{*}\in Y$ $(GP_{\theta})$ $\max$-inf
.
Proof Proposition 12 . [: :
Definition 2.4 $X,$ $Y\subset E$ , $\varphi$ : $X\mathrm{x}Yarrow R.\text{ }.\cdot.-$
$y\in Y$ $\varphi(\cdot, y)$ convexlike , $x_{1},$ $x_{2}\in X$
.
$\alpha(0\leq\alpha\leq 1)$
, $x_{0}\in X$ ,
$\varphi(x_{0}, y)\leq\alpha\varphi(x_{1}, y)+(1-\alpha)\varphi‘:(x_{2}, y)$ , $\forall y\in Y$ (2.7)
.
Lemma 21 $Y$ , $\varphi$ : $X\mathrm{x}Yarrow R$ (1) (2)
.
(1) $\forall y\in Y,$ $\varphi(\cdot, y):Xarrow R$ , convexlike;
(2) $\forall x\in X,$ $\varphi(x, \cdot)$ : $Yarrow R$, upper semicontinuous, concave.
, .
$\exists y^{*}\in Y$, $s.t$ . $\sup_{y\in Y^{x}}\inf_{\in x}\varphi(_{X}, y)=\inf_{x^{\varphi(x,)=\inf_{\in}}x\in}y*x$ $\sup_{y\in Y}\varphi(x, y)$ . (2.8)
$\mathrm{K}\mathrm{y}$ Fan’s system Th. . [1] .
Corollary 2.1 $X,$ $Y$ , $\phi$ : $X\cross Yarrow R$ (1) (2)
.
(1) $\forall y\in Y,$ $\varphi(\cdot, y)$ : $Xarrow R$, lower semicontinuous, convex;
(2) $\forall x\in X,$ $\varphi(x, \cdot)$ : $Yarrow R$, upper semicontinuous, concave.
, saddle point $(x^{*}, y^{*})\in X\cross Y$ .
Theorem 2.1 $X\subset E$ , $\mathrm{Y}\subset E$ , $f$ :
$X\cross Yarrow R,$ $g:X\cross Yarrow R_{+}$ (1) (2) $(3)(4)$ .
(1) $\forall y\in Y,$ $x\vdash\Rightarrow f(x, y),\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{V}\mathrm{e}\mathrm{x}$;
(2) $\forall_{X}\in X,$ $y\vdash\Rightarrow f(x, y),\mathrm{u}\mathrm{p}\mathrm{p}\mathrm{e}\mathrm{r}$ semicontinuous, concave;
(3) $\forall_{y}\in Y,$ $x\vdasharrow g(x, y)_{\mathrm{C}},\mathrm{o}\mathrm{n}\mathrm{C}\mathrm{a}\mathrm{v}\mathrm{e}$ ;
(4) $\forall_{X}\in X,$ $y-+g(x, y),1_{\mathrm{o}\mathrm{W}}\mathrm{e}\mathrm{r}$ semicontinuous, convex.
4
, $\theta\geq 0$ , .
$\exists y^{*}\in Y$, $s.t$ . $\overline{F}_{\theta}=\underline{F}_{\theta}=\inf_{x\in X}F_{\theta}(x, y^{*})$ . (2.9)
( $i.e.,$ $y^{*}\in Y$ “– $(GP_{\theta})$ max-inf.)
Proof. $x\in X$ , $F_{\theta}(x, \cdot)$ : $Yarrow R$ (2) (4) , u.s.c.
concave . - , $y\in Y$ , $F(\cdot, y)$ : $Xarrow R$ (1) $(3)$
, convex . , Lemma 21 ,
$\exists y^{*}\in Y$, $s.t.$ , $\max_{xy\in Y}\inf_{\in X}F_{\theta}(x, y)=\inf_{x\in}$ $F_{\theta}(x, y^{*})= \inf_{x\in}$ $\max_{y\in Y}F_{\theta}(x, y)$ . (2.10)
, $\overline{F}_{\theta}=\underline{F}_{\theta}$ .
$\overline{F}_{\theta}$ , $\overline{\theta}$ , Lemma .
Lemma 22 $\overline{F}_{\theta}$ .
(a) $\overline{F}_{\theta}$ $\theta$ ;
(b) $\overline{F}_{\theta}<0$ , $\theta\geq\overline{\theta}$ ;
(c) $\overline{F}_{\theta}>0$ , $\theta\leq\overline{\theta}$ ;
(d) $\theta>\overline{\theta}$ , $\overline{F}_{\theta}\leq 0$ ;
(e) $\theta<\overline{\theta}$ , $\overline{F}_{\theta}\geq 0$ .
$Y$ , $x\in X$ $yrightarrow f(x,$ $\ovalbox{\tt\small REJECT}$ $y\vdash+g(x, y)$
,
(f) $\overline{F}_{\theta}<0\Leftrightarrow\theta>\overline{\theta}$ ;
(g) $\overline{F}_{\overline{\theta}}\geq 0$ .
Proof. (a) $\forall\theta_{1},$ $\theta_{2}(\theta_{1}<\theta_{2}),$ $\forall(x, y)\in X\cross Y$ , $f(x, y)-\theta_{1}g(x, y)>f(x, y)-$
$\theta_{2}g(x, y)$ , $F_{\theta_{1}}(x, y)>F_{\theta_{2}}(x, y)$ . ,
$\overline{F}_{\theta_{1}}=\inf_{x\in}$




$\exists\overline{x}\in X$ $s.t$ . $\sup_{y\in Y}F\theta(\overline{X}, y)<0$ . (2.12)
, $\sup_{y\in Y}G(\overline{x}, y)\leq\theta$ , $\overline{\theta}\leq\theta$ .
(C) $\overline{F}_{\theta}>0$ , $x\in X$ ,
$\exists\overline{y}\in Y$ $s.t$ . $F_{\theta}(x, y)>0$ . (2.13)
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, $\sup_{y\in Y}G(x, y)>\theta$ , $\overline{\theta}\geq\theta$ .
(d) $\theta>\overline{\theta}=\inf_{x}\in X\sup_{y}\in Yc(x, y)$ , $\theta>\sup_{y\in Y}G(\overline{x}, y)$ $\overline{x}\in X$ .
, $y\in \mathrm{Y}$ ,
$\theta>G(_{\overline{X}}, y)$ (2.14)
,
$0>F_{\theta}(\overline{x}, y)$ , $\forall y\in Y$. (2.15)
,
$0 \geq\inf_{x\in Xy}\sup F\theta(x, y)=\overline{F}\in Y\theta$ .
(e) $\overline{\theta}=\inf_{x\in X\sup_{y}}\in Yc(x, y)>\theta$ , $x\in X$ , $\sup_{y\in Y}G(x, y)>\theta$
. , $G(x,\overline{y})>\theta$ $\overline{y}\in Y$ , $F_{\theta}(x,\overline{y})>0$ . ,
$\overline{F}_{\theta}=\inf_{x\in}$ $\sup_{\in yY}F_{\theta()}x,$
$y\geq 0$ .
(f) $(\Rightarrow)\overline{F}_{\theta}<0$ . (2.12) , $\sup_{y\in Y}F_{\theta}(\overline{X}, y)<0$ $\overline{x}\in X$
, $y\in Y$ , $G(\overline{x}, y)<\theta$ . , $Y$ ,
$y-*G(\overline{x}, y)$ ,
$\theta>\sup_{y\in Y}G(\overline{x}, y)$ . (2.16)
, $\theta>\ovalbox{\tt\small REJECT}$
$(\Leftarrow)\theta>\overline{\theta}$ , (2.14) , $y\in Y$ , $\theta>G(\overline{x}, y)$
$\overline{x}\in X$ . , $y\in Y$ , $0>F_{\theta}(\overline{x}, y)$ . ,
$Y$ , $y\vdasharrow\dot{p}_{\theta(\overline{x},y)}$ ,
$0> \sup_{y\in Y}F_{\theta}(\overline{x}, y)\geq\inf_{x\in}$ $\sup_{y\in Y}F_{\theta}(x, y)=\overline{F}_{\theta}$
. (2.17)
(g) $\overline{F}_{\overline{\theta}}<0$ , $Y$ , $y\vdash+F_{\overline{\theta}}(x, y)$ ,
$\sup_{y\in Y}F_{\overline{\theta}}(\overline{X}, y,)<0$
$\overline{x}\in X$ . , $y\in Y$ , $\overline{\theta}>G(\overline{x}, y)$
,
$\overline{\theta}>\sup_{y\in Y}G(\overline{x}, y)\geq\inf_{x\in x}\sup c(X, y)=\overline{\theta}y\in Y^{\cdot}$
. , $\overline{F}_{\overline{\theta}}\underline{>}0$ .
$\underline{F}_{\theta}$
$\underline{\theta}$ .
Lemma 23 $\underline{F}_{\theta}$ .
(a) $\underline{F}_{\theta}$ ;
(b) $\underline{F}_{\theta}<0$ , $\theta\geq\underline{\theta}$ ;
(c) $\underline{F}_{\theta}>0$ , $\theta\leq\underline{\theta}$ ;
(d) $\theta>\underline{\theta}$ , $\underline{F}_{\theta}\leq 0$ ;
6
(e) $\theta<\underline{\theta}$ , $\underline{F}_{\theta}\geq 0$ .
$X$ , $y\in Y$ $x\ovalbox{\tt\small REJECT}\Rightarrow f(X, y)$ , $xrightarrow g(x, y)$
,
(f) $\underline{F}_{\theta}>0\Leftrightarrow\underline{\theta}>\theta$ ;
(g) $\underline{F}_{\underline{\theta}}\leq 0$ .
Proposition 22 $\underline{\theta}<$ , $\theta\in(\underline{\theta},\overline{\theta})$ , .
$\overline{F}_{\theta}=\underline{F}_{\theta}=0$ . (2.18)
Proof. , $\theta\in(\underline{\theta},\overline{\theta})$ , $\overline{F}_{\theta}=0$ .
$(\geq)$ : Lemma 22(e) .
$(\leq)$ : $\theta>\underline{\theta}$ , $\theta>G(x_{y}, y)$ $x_{y}\in X$ ,
$0>F_{\theta}(x_{y}, y)$ , $\forall y\in Y$
. ,
$0 \geq\sup_{y\in Y}F\theta(X_{y}, y)\geq\inf_{x\in}$ $\sup_{y\in Y}F\theta(X, y)=\overline{F}_{\theta}$
, $\overline{F}_{\theta}=0$ .
, $\theta\in(\underline{\theta}, \overline{\theta})$ , $\underline{F}_{\theta}=0$ . :
$(\leq)$ : Lemma 23(d) .
$(\geq)$ : $\theta<\overline{\theta}$ , $G(x, y_{x})>\theta$ $y_{x}\in Y$ , $F_{\theta}(x, y_{x})>0$
. , $\inf_{x\in x^{F}\theta}(X, y_{x})\geq 0$ ,
$\underline{F}_{\theta}=\sup_{y\in Y}\inf_{x\in^{x}}F\theta(_{X}, y)\geq 0$
.
, $\overline{F}_{\theta}=0$ .
, $\theta\in(\underline{\theta}, \overline{\theta})$ , $\overline{F}_{\theta}=\underline{F}_{\theta}=0$ .
Proposition 23 $y^{*}\in Y$ $(GP)$ $\max$-inf , (1)(2)
.
(1) $(GP)$ value $\theta^{*}$ ;
(2) $\overline{F}_{\theta}*\leq 0$ , $y^{*}\in Y$ ( $(GP_{\theta})$ $\max$-inf .
Proof. (1) Proposition 1.1 .
(2) $\theta^{*}=\inf_{x\in x\sup_{y\in}}YG(x, y)=\inf_{x\in xG}(x, y^{*})$ (\S l\. , $x\in X$
, $\theta^{*}\leq G(x, y^{*})$ . , $x\in X$ , $0\leq F_{\theta}*(x, y^{*})$
,




$\inf_{x\in X}F_{\theta^{*(}}x,$ $y*)= \inf_{x\in}$ $\sup_{y\in Y}F_{\theta}*(x, y)=\overline{F}_{\theta}*=0$
, $y^{*}\in Y$ $(GP_{\theta})$ $\max$-inf .
Corollary 22 $(x^{*}, y^{*})\in X\cross Y$ $(GP)$ saddle point .
, (1) (2) .
(1) $F_{\theta^{*}}(_{X}*, y^{*})=0$ ;
(2) $(x^{*}, y^{*})\in X\cross Y$ ( $(GP_{\theta^{*}})$ saddle point.
Theorem 22 $(GP)$ value $\theta^{*}$ , $\overline{F}_{\theta^{*}}\geq 0$ .
, $y^{*}\in Y$ $(GP_{\theta}*)$ $\max$-inf , $y^{*}\in Y$ – $(GP)$
$\max$-inf .
Proof. $\overline{F}_{\theta^{*}}\geq 0$ $y^{*}\in Y$ $(GP_{\theta}*)$ $\max$-inf ,
$0 \leq\overline{F}_{\theta^{*}}=\inf_{x\in}$ $\sup_{y\in Y}F_{\theta}*(x, y)=\inf_{x\in X}F_{\theta}*(x, y^{*})\leq F_{\theta^{*}}(x, y^{*})$
, $\forall_{X}\in X$ . (2.19)
,
$\theta^{*}\leq G(x, y^{*})\leq\sup_{y\in Y}G(x, y)$ , $\forall_{X}\in X$ (2.20)
,
$\theta^{*}\leq\inf_{x\in X}c(x, y^{*})\leq$ inf $\sup_{y\in Y}G(x, y)=\overline{\theta}=\theta^{*}$
. ,
$\theta^{*}=\inf_{Xx\in}G(x, y*)=\inf_{x\in}$ $\sup_{y\in Y}G(_{X}, y)$ .
, $y^{*}\in Y$ $(GP)$ $\max$-inf .
Corollary 23 $(GP)$ value $\theta^{*}$ , , $(x^{*}, y^{*})\in X\cross Y$
$(GP_{\theta}*)$ saddle point . , $F_{\theta^{*}}(x^{*}, y^{*})=0$ ,
$(x^{*}, y^{*})\in X\cross Y$ $(GP)$ saddle point .
3 ASaddle Point of the Fractional Game
Theorem 3.1 $X\subset E$ , $Y\subset E$ , $f$ :
$X\cross \mathrm{Y}arrow R,$ $g:X\cross Yarrow R_{+}$ .
(1) $\forall y\in Y,$ $x-\# f(x, y)$ , convex;
8
(2) $\forall x\in X,$ $y\text{ }\Rightarrow f(X, y)$ , continuous, concave;
(3) $\forall y\in Y,$ $x\vdash\Rightarrow g(X, y)$ , concave;
(4) $\forall x\in X,$ $y\vdash\Rightarrow g(X, y)$ , continuous, convex.
, $\overline{\theta}\geq 0$ , $(\mathrm{i})(\mathrm{i}\mathrm{i})$ .
(i) $\overline{\theta}=\underline{\theta}=:\theta^{*};$
(ii) $(GP)$ $\max$-inf $y^{*}\in Y$ .
Proof. (i) $\overline{\theta}\geq\underline{\theta}$ , $.\overline{\theta}.\leq\underline{\theta}$ . , , $\overline{\theta}\geq 0$
Lemma $2.2(\mathrm{g})$ Theorem 2.1 ,
$\overline{F}_{\overline{\theta}}=\underline{F}_{\overline{\theta}}\geq 0$ . (3.1)
, Lemma 2.1 , $(GP_{\overline{\theta}})$ $\max$-inf $y^{*}\in Y$ . ,
$\underline{F}_{\overline{\theta}}=\sup_{y\in Y}\inf_{x\in}$
$F_{\overline{\theta}}(x, y)=\mathrm{i}\mathrm{n}\mathrm{f}x\in$
$F_{\overline{\theta}}(x, y^{*})$ . (3.2)
, (3. 1), (3.2) ,
$0 \leq\sup_{y\in Y}\inf_{x\in}$
$F_{\overline{\theta}}(x, y)= \inf_{\in xy\mathrm{v}}F\overline{\theta}(x, y^{*})\leq F_{\overline{\theta}}(x, y^{*})$ , $\forall_{X\in X}$ . (3.3)
, (3.3) ,
$\overline{\theta}\leq G(x, y^{*})$ , $\forall_{X\in X}$ .
,
$\overline{\theta}\leq\inf_{x\in X}G(_{X}, y^{*})\leq\sup_{y\in Y}\inf_{x\in X}c(X, y)=\underline{\theta}$. (3.4)
, $\overline{\theta}=\underline{\theta}$ .
(ii) $\overline{F}_{\theta^{*}}\geq 0$ $y^{*}\in Y$ $(GP_{\theta}*)$ $\max$-inf Theorem 22
$y^{*}\in Y$ $(GP)$ $\max$-inf .
Theorem 3.2 $X,$ $Y\subset E$ , $f$ : $X\mathrm{x}Yarrow R,$ $g:X\cross Yarrow R_{+}$
.
(1) $\forall y\in Y,$ $x\vdasharrow f(x, y)$ , continuous, convex;
(2) $\forall x\in X,$ $y\vdash+f(x, y)$ , continuous, concave;
(3) $\forall y\in Y,$ $x\text{ }\Rightarrow g(x, y)$ , continuous, concave;
(4) $\forall x\in X,$ $y-*g(x, y)$ , continuous, convex.
, $\overline{\theta}\geq 0$ , $(GP)$ saddle point $(x^{*}, y^{*})\in X\cross Y$ .
Proof. Theorem 3.1, Corollary 2.1 .
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